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I. Introduction

HE formulation of equations of motion, always an
important facet of spacecraft design and performance
analysis, is receiving ever greater attention as vehicles become
larger and more complex and as the need grows more and
more acute to predict spacecraft motions accurately. This
article is intended to answer the following question that is
clearly central in this context: ‘“What are the relative ad-
- vantages of various methods available for the formulation of
equations of motion of complex spacecraft?’’
The question just stated can be answered incisively only if
" the criteria by which a given method is judged are sufficiently
well defined, and meaningful criteria can be established only
after a clear-cut purpose for the formulation of equations of
motion has been identified. We take this purpose to be the
production of algorithms to be employed for the simulation
of spacecraft motions by means of numerical solutions of
initial value problems. The principal criteria by which we
judge a method are the simplicity of the equations to which it
leads and the amount of labor required for the formulation of
the equations. Of course, neither criterion is important when
one is dealing with a relatively uncomplicated system.
Conversely, these matters can become crucial in- connection
with truly complex spacecraft, for both computer storage
limitations and excessive execution times can then plague one
needlessly if equations have not been brought into the sim-
plest possible form, and the labor expended to generate
equations which have such a form can easily become
prohibitive unless a highly efficient scheme for formulating
equations of motion has been employed from the outset. It
should be understood, therefore, that we are not concerned

with systems so simple that their equations of motion can be
produced with essentially equal ease by using almost any
method.

Since there exist numerous so-called multibody programs,
as well as analyses intended to be the bases for such programs,
and it is quite clear that these are of great value in solving
problems of spacecraft dynamics, one may well ask whether
or not it is ever really necessary to construct literal equations
of motion for complex vehicles. The answer is that the need to
do this arises frequently because multibody programs can fail
a user in a number of ways. Every such program represents a
compromise between two mutually exclusive goals, that of
providing a computer code applicable to the solution of the
widest possible class of problems, and that of minimizing the
effort required by a user to bring his problem into a form
compatible with program input requirements. Consequently,
a given multibody program can be totally inapplicable to a
particular problem, can force a user to make major program
additions or other modifications, or can lead to inefficient or
inaccurate simulations. Clearly, therefore, algorithms created
to meet specific needs are indispensable. Not surprisingly, it is
precisely the authors of some of the best multibody programs
who, realizing all of this, welcome algorithms developed
independently, particularly since these can be used to test the
validity of multibody computer codes. Moreover, although it
is probably true that the greatest obstacle to be surmounted in
producing a multibody program is that of devising a
procedure for assembling the equations of motion associated
with the various bodies comprising a spacecraft, rather than
that of writing equations governing the behavior of a generic
body, there can be little doubt that the way in which the latter
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- task is handled can have a substantial impact on computer
storage requirements and execution times. Since the method
we ultimately find to be the most efficacious for the for-
mulation of literal equations also furnishes an excellent basis
for multibody programs, there exists a harmonious
relationship, rather than a conflict, between our present
concerns and those of the proponents of multibody programs.

At present, flexible spacecraft, that is, systems that cannot
be modeled as a collection of rigid bodies, are of particular
interest. What follows deals both with systems possessing a
finite number of degrees of freedom and with flexible
spacecraft whenever the behavior of the latter can be analyzed
in terms of modal coordinates.

To support the conclusions that are to be drawn, we focus
attention initially on a specific example of the kind en-
countered in the field of spacecraft dynamics, choosing for
this a system that is sufficiently complex to permit one to
recognize significant differences in the structure of governing
equations and in the effort involved in their formulation by
various methods, but that is at the same time sufficiently
simple to allow us to report results within the confines of an
article such as the present one. Hopefully, it will be clear that
the arguments advanced in connection with this example
apply quite generally and a fortiori to more complicated
systems.

Seven methods are examined, namely the use of momentum
principles,! D’Alembert’s principle,? Lagrange’s equations,?
Hamilton’s canonical equations,* the Boltzmann-Hamel
equations, 6 the Gibbs equations,” and a method® in-
troduced in 1965, in that order. The first five methods are the
ones probably most familiar to the majority of workers in the
field of spacecraft dynamics, and certainly used most widely;
the sixth, use of the Gibbs equations, is encountered only
infrequently in the modern literature, but is included both
because it has considerable merit and because it furnishes a
natural transition to the last method, which, as will be shown,
is the one that leads most directly to the simplest equations.
This method is the only one originating during the second half
of the twentieth century, which may account for the fact that
it is better suited than the rest for dealing with twentieth-
century problems of spacecraft dynamics.

Comments regarding good and bad features of each of the
seven approaches considered are made as the occasions
present themselves. A reader who does not wish to follow
these developments in detail can turn directly to Sec. X, where
the observations made in Sec. ITI-IX are summarized.

II. Example

Figure 1 is a schematic representation of a spacecraft S
modeled as a rigid body A that carries a planar linkage which,
in turn, supports a particle P. Equal torsional springs and
dampers at points L, and L, resist rotation of the linkage
relative to A4, and an extensional spring and damper connect P
to point L, (dampers are not shown). The linkage is con-
sidered massless and has the dimensions indicated. P has a
mass m, and A a mass M. A* is the mass center of 4; a,, a,,
a; are unit vectors parallel to the central principal axes of
inertia of A; the associated central principal moments of
inertia are I, I,, I;; and the linkage lies in the central prin-
cipal plane of A normal to a;. The resultant force exerted on
P by the extensional spring and damper is given by oa,, where
o is a function of r and 7, while the torque associated with the
action of each torsional spring and damper on a link is 7a;,
with 7 a function of @ and 6. Finally, external forces acting on
S are a force R,a, + R,a, + R;a; applied to P and a system of
forces acting on A, the latter being represented by a force
S,a,+S,a,+S;a; applied at A*, and a torque
Tia;+T,a,+Tsa;.

Equations are to be formulated for the purpose of
simulating the motion of S in a Newtonian reference frame N
subsequent to an instant at which r, 6, 7, 6, the orientation of
A in N, the angular velocity of A in N, the position of 4* in
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Fig. 1 Schematic representation of spacecraft.

N, and the velocity of A* in N all are known, Clearly,
therefore, one task that must be faced is that of selecting
suitable scalar variables. One possibility is to use as attitude
variables, denoted by ¢;, ¢,, g;, the amounts of three
rotations by means of which A can be brought from its initial
orientation to any other, performing these rotations suc-
cessively about axes parallel to a;, a,, a; after first aligning a;
with n; (i=1,2,3), where n;, n,, n; are unit vectors fixed in
N and to describe the angular velocity w of 4 in Nin terms of
w;, w,, w; defined as w;,=w-a; (i=1,2,3). So called
rotational kinematical differential equations can then be
formulated immediately, and, if s; and c; denote sin g; and
cos gq; (i=1,2,3), respectively, these are

g, =(w,;c;—w,83)/c, (1a)
4 =w;s;tw,cs (1b)
gs={(—w;Cc3+w,;s3)s,/C,+w; (1c)

Of course, attitude variables can be chosen in a variety of
other ways, some of which may in fact be superior (e.g., Euler
parameters, direction cosines). This is a point to which we
shall return after we have disposed of the task of formulating
dynamical equations. First, however, we must address the
matter of position and velocity variables. As to the former,
one may employ the products p-n; (i=1,2,3), where p is the
position vector from a point fixed in N to A*, calling these
products, say, q,, ¢s. ds, respectively, and, to deal with the
velocity v4" of A*, one can introduce v;=v4" -a; (i=1,2,3).
The translational kinematical differential equations to which
this leads are

Gy=0,0,C3—U,C,8;+ U35, (2a)
Gs=0,(8;5,¢;3+535¢;) +v,(—5,5,85;+¢3¢,) —v35,c,  (2b)

Gs=U;(—C;5,C;+538,) +0,(¢;5,5;+¢38,) +v3c,c;, (2c)

IIl. Momentum Principles
The use of momentum principles to formulate dynamical
equations requires time-differentiation of linear and angular
momenta. The linear momentum of S is Mv4* + mv®, where
v4* and v?, the velocities of A* and P, are given by

v =v,a,+v,a, +v;a; 3)
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and
vP = [v; +blcost — w; (c—r—bcosf) |a; + (v, + bfsing — F +w;bsind) a, + [v; +w,; (c—r—bcosd) — w,bsinf]a; @

respectively. These expressions play a role also in connection with the angular momentum of S with respect to the mass center S* of
S, which is given by I- w+ MrA* x v4* + mr? x v, where I is the central inertia dyadic of A, w is given by

W= A +w,a; +w;a; ‘ &)

and r4" and r? are the position vectors from S* to A* and to P, respectively. Equating the time derivative in N of the linear
momentum to the resultant of the external forces, (R; +S,)a; + (R, +S,)a, (R; +S;)a;, and that of the angular momentum to
the sum of the moments about S* of the external forces, one obtains three ‘‘translational’’ dynamical differential equations,

M6, +w,0; ~w30,) +m[9; +w,0; —w;0, + bfcosd— (&3 —w,w,) (c—r—bcosd) — 2w, (bfsinb + #)

— (w}+w})bsind— b ?sinb] =R, +5, ©

M(0;,+w;0;,—w,v;) +m[ 6, +w;v, —w,v; + bsind + b2cosd —F+ (&3 +w,w, ) bsind+ 2w, bcosd

— (@} +w}) (c—r—bcosd) ] =R, +38, @

M(@D; 40,0, —w,v;) +mV;+w,0, —w,v, + (&; +wyw;) (c—r—bcosd) — (&, —w;w, ) bsind

+2w, (bfsing —F) — 2w, bbcos8] =R, +S; ()

and, with pin place of mM/ (m+ M), three ‘‘rotational’’ dynamical differential equations, the first of which is
o, — (I, - 1) wywy +p.<(b0 sind —7) [w; (c—r—b cosf) —w,b sinf] + (c—r—>b cosh) [&, (c—r—b cosh)
+w, (b0 sinf—F) —a,b sinO—wzéb cosf] +w, [b?0+b sinf(w;b sind—F) — (c—r) bl cosd
+ (¢c—r—>b cos8) ?w;] +w;b sinf[w; (c—r—b cos) —w,b sin0]> = T,.+u(c—r—b cosf) (R;/m—S;/M) ©
With a considerable amount of labor, one can reduce this to
Lo, —(I,—I;)wyw;+p(c—r—>b coso)_[ (&, +ww;) (c—r—b cosf) — (&, —w;w,; )b sinb +2b0(w, sind—w, cosd) —2rw, ]
=T, +p(c—r—b cosd) (R,/m-S,/M) , - @10)
The remaining two equations, simplified similarly, are
L, — (I; ~1,)w;0, —pb sinf{ (&, + w,w;) (c—r—b cosf) — (&, —w;w,) b sind+ 266 (w, sinf— w, cosd) — 2Fw, ] '
=T, —~ub sinb(R;/m—S;/M) ' an
and |
Loy~ (I;—1,)w,w,+p{b sind[ G+ W3 +w,w,)b sinf+ (é+2w3)b9 cosf—F—wi(c—r—>bcosb) ]
—(c—r=b cosf) [ bl cosf— (&; —w,w,) (c—r—b cosd) —2w; (b sinb—F) — (82 +w3) b sinf) )

=T;+pb sinb(R,/m—S8,/M) —p(c—r—b cost) (R,/m—S§,/M) (12)

Two additional dynamical differential equations are required, for S possesses eight degrees of freedom in N. To generate these
equations, one may begin by drawing free-body diagrams of the link L, — L,, the link L, — L, together with the particle P, and the
link L; —L,, as shown in Figs. 2a-2c, where D,...,D; denote reaction forces. Next, applying the angular momentum principle in
connection with Figs. 2a, 2b, and 2c, one can write

b(D; sind—D, cosf) =7 (13)
rD,+ (2c—r)Ds=0 (14
and

b(Dg cosd—D; sind) =1 (15)
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a)

°4L | T
b) | l:—_ik——————l

L4 T 7
V] D8
’ Fig.2 Free-body diagrams used with momentum principles.

respectively; and the use of the linear momentum principle in
conjunction with Fig. 2b produces

R,-D,+Ds=ma¥? (16)

R,+D;—Ds=ma? a7

where af and a¥ are the @, and a, measure numbers of the

acceleration of P in N. Elimination of D,,...,D, from Eqgs. -

(13)-(17) leads to
mb (afcos+ afsind) =27+ b (R,cosd + R,sinb) (18)

and application of the linear momentum principle to P alone
gives

0+R,=ma¥ 19

All that remains to be done is to express af and a4 in terms of
Wy, W,y W3 U, U, Vs, I, 0, and time-derivatives of these
quantities. After doing this, one arrives at the last two
dynamical differential equations,
mb{ [V, +w,v;—w;v,—bb cosf— (&3 —w,w,) (c—r—b cosb)

—2w; (b6 sinf — F) — (w3 +w3) b sinf— b? sinf]cosd

+ [0, + w30, —w,v; + bl sinf+ b2 cosf—F

+ (@; +w;w,) b sind+ 2w, b cosf

—(wi+w?) (c—r—>b cosh) Isind}

=27+ b(R,cos6+ R,sinb) 20)

J. GUIDANCE AND CONTROL

and

MU0, + w30, —wv;+ b sind+bh2 cosd—F+ (o, +w;w,)b sind
+2w;b6 cosd— (wi+wl) (c—r—bcosd) | =0+R, ()

. In principle, the fourteen equations (1), (2), (6-8), (10-12),
(20), and (21) suffice for the solution of the initial value
problem under consideration. Eqs. (1) and (2), involving
explicit expressions for first time-derivatives of dependent
variables, are in a form well suited for numerical integration,
but Eqs. (6-8), (10-12), (20), and (21) require further work.
Specifically, 7 and 6 must be eliminated, a task easily ac-
complished by intgoducing Xw.o auxiliary dependent variables,
say x and y, as x=F and y=40; the dynamical equations must
then be solved for @,, &,, @;, v;, U, U3, X, and y, which can
be done either analytically or at each step of a numerical
integration. .

As regards the labor performed to generate thé equations,
we note two drawbacks of the method at hand. One is that it
necessitates the introduction and subsequent elimination of
certain constraint forces, namely D;,...,Dg; the other is that,
whenever one uses the angular momentum principle, one is
forced to locate the mass center of the system to which the
principle is being applied [S* in the case of S, and P in Fig.
2b], a point that need not be located otherwise. The con-
comitant effort would become especially noticeable if the
linkage were not regarded as massless, for Eqs. (13-15) would
then involve also D;, D,, D, and Dg, which would
necessitate writing four additional equations, as well as
subsequently eliminating the new unknowns.

1V. D’Alembert’s Principle

D’Alembert’s principle justifies the following assertion: If
the particles of a set are acted upon by body and contact
forces and each particle is regarded as being subjected also to
the action of an “‘inertia force,”’ this force being defined as a
vector whose line of action passes through the particle and
whose magnitude and direction are found by multiplying the
mass of the particle with the negative of the inertial ac-
celeration of the particle, then the system of all body forces,
contact forces, and inertia forces is a null system; that is, the
sum of the forces and the sum of the moments of the forces
about any point vanish. To apply this idea effectively to the
formulation of equations of motion for systems containing
rigid bodies one needs to know that the system of all inertia
forces acting on a rigid body A can be replaced with a couple
together with a force applied at the mass center of A4, and that
the associated torque T* and force F*, called, respectively, the
inertia torque and the inertia force for the body, can be ex-
pressed as '

TF=—{Uateoxl w) F*=—-Ma 22)
where I is the central inertia dyadic of A, « and w are the
inertial angular acceleration and. angular velocity of 4, M is
the mass of A4, and a is the inertial acceleration of the mass
center of 4. ) .

Equating to zero the sum of all forces (including inertia
forces) acting on S, one arrives once again at Egs. (6-8); but
summing moments of all forces about A* and setting the
result equal to zero yields equations differing from Eqs. (10-
12), namely

I, -;)w,w;=1,0,+T;+R;(c~r—>b cosf)
—m(c—r—bcosb) [v; +w,v, —w,v,
+ (@, +w,w;) (c—r—>b cos)

— (&, —w;w,) b sin@+2b0(w, sinb—w, cosf) —2rw,] =0
23)



MARCH-APRIL 1980

(I;-I))o;w, —I,&,+T,—R;b sind
+mb sinf[v; +w,v;, ~w,v; +(@; +w,w;) (c—r—>b cosb)

— (@ —w;;) b sind +2b (w,sinf— w,c0s0) — 26w, ] =0
24)

I, —L)w,w,—I;0;+ T;+R,b sin0— R, (c—r—b cosf)
—m{bsinb[v,+w;v; —w,v; + (§+ 63 +w,w,) b sind
+ (()'4;2w3)b0 cosoéf'—w‘,’(c—r—b cosf) |
— (c~r—b cosf) [V, +w,v; —w;v, + bl cosh
— (@; —w,w,) (c—r—b cosB) — 2w, (bh sinb—F)
— (62 +w3)bsing] } =0 \ 25)

There are two obvious differences between these last three
equations and Eqs. (10-12). Equations (10-12) contain S, S,,
S;, and p, whereas Eqgs. (23-25) do not; and Egs. (23-25)
possess terms involving v,, v,, v; and their first derivatives,
whereas no such terms appear in Eqgs. (10-12). Speaking

. broadly, one can say that both differences are attributable
directly to the fact that D’ Alembert’s principle leaves one free
to take moments about any point, whereas the angular
momentum principle restricts one in this regard. More
specifically, by taking moments about A* rather than S* we
have eliminated the appearance of mM/ (m+ M), that is, u,
as well as any contributions from the force
S,a,+8S,a,+ S;a;. However, the moment about A* of the
inertia force acting on P involves the quantities v,, v,, v3, U,
v,, 03, which do not appear when one employs the angular
momentum principle. The effort involved in bringing these
terms into the rotational equations is more than offset by the
considerable savings in labor resulting from the use of
D’Alembert’s principle rather than the angular momentum
principle.

As before, two further dynamical equations remain to be
derived. Once again, free-body diagrams are found to be
helpful, but these now include inertia forces, as shown in Figs.
3a-3c, the first of which is identical to Fig. 2a because no
inertia forces come into play in connection with the (massless)
link L, —L,. In Figs. 3b and 3c, the quantities f and a§ have
the same meaning as in Eqs. (16) and (17).

Referring to Fig. 3a, one can write

D,-D,=0 (26)
and taking moments about point L; in Fig. 3b gives
2cD,— (2c—r)(R,—maf)=0 27
while taking moments about L, in Fig. 3c produces
‘ZCDZ ~b cosf (R, —~ma¥) ‘
+ (2c~r—>bsinb) (R, —ma¥) -27=0 28)

so that, after eliminating D, and D,, one recovers Eq. (18).
Although this method, like the use of momentum prin-
ciples, requires the introduction and subsequent elimination
of constraint forces, it permits one to arrive at results with less
labor because the number of equations one needs to write is
smaller if one makes judicious choices of moment centers.
This advantage would become all the more significant if the
linkage were regarded as massive because doing so would not
complicate the procedure excessively. The number of terms

appearing in each of Egs. (26-28) would increase, but the

number of unknowns and equations would remain unaltered.
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Fig.3 Free-body diagrams used with D’ Alembert’s principle.

Similarly, one could add the necessary terms to Eqgs. (23-25)
without being compelled to determine the location of S*, a
task that could not be avoided if the angular momentum
principle were used.

{
V. Lagrange’s Equations

To formulate Lagrange’s equations, one needs 7, the
kinetic energy of the spacecraft S, which can be written
T=(M/2) (v2+v3+v}) + (m/2){ (v, + b cosd

—w; (c—r—b cos8) 12 + (v, +bb sind

—F+w;b sing) 2+ [v; +w, (c—r—b cosb)

~w,b 5in0]12) + (L0} +Lw} +[01) /2 (29)

Because w;, w,, w;, and v,, v,, v; all are independent of r, 6,

. r, and 4, two dynamical equations can be formed by operating

on T as written and equating the results to appropriate
generalized forces; i.e.,

o =% 30)
and

d oT oT

FIr Tt (€D

The generalized forces Qy and Q, are given by

Q= —0—R, (32)
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and

Q,=27+b(R, cost + R,sinb) (33)
and Eqs. (30) and (31) lead directly to Eqs. (20) and (21), respectively, doing so without requiring the use of free-body diagrams or
the introduction and subsequent elimination of the constraint forces D,,...,Dg. Moreover, the effort to develop these equations
would not be increased significantly if the links were treated as massive. However, despite these advantages of the present method
over the preceding one, Lagrange’s equations are soon seen to be quite unsatisfactory when one attempts to use them to derive
equations to replace Eqs. (6-8) and (10-12), that is, when one operates on T'in accordance with

G5 " 2g =0 =le) 69

Consider, for example, the equation corresponding to i = 1. Referring to Eq. (29), one has

oT .y v .
g =m{ —[v, +bb cosb—w; (c—r—b cos) s, (c—r—b cosb) + (v, + bl sinf —F+w;b sind)s,b sind
1
+ [v; 4+, (c—r—>b cosd) —w,b sinf] [c,c; (c—r—b cosb) +¢,5;b s5in8] } +1,w,¢,0; — L w,0,8; + 13038, 35)
and’

i

FP =MI[v,(45Cs1 —q5C31) +02(45C2 —45C35) +03(45C25 —45Cs3) } +m{ [v, +bb cosf—w; (c—r—b c0s0) 1(§5C;; — 45C3;)
1

+ (v, + bf sinb—F+w;b sind) (§5C —GsCyy) + [v; +w, (c~r—b cosB) —w,b sind] (§5C; —d5Cs3) ) (36)
where
C;&n;-a; (i,j=1,2,3) Gn
so that, for instance, C;, =c,s,5; +c;s,. Differentiating Eq. (35) with respect to £ gives

d ar
ar ag,

=m{ — [0, +b(f cosd—62 sind) — @, (c—r—b cosd) —w; (b6 sind—r) 1s, (c—r—b cosd)

+ [v; + b6 cosd—w,; (c—r—b cosd) 1 [4,c, (é—r—b cosB) +s, (bl sin@~r)|

+ [0, +b(0 sinb+ 02 cosf) —F+a;b sind+w;b0 cosd]sb sind+ (v, + b6 sind—rF+w,b sind) b(g,c, sind+bs, cosh)

4 [0; 40, (c—r—b cosf) +w, (bl sinf—r) — @, b sinf—w,0b cosf] [c,c; (c—r—b cosd) +c,s;b sinb]

+ [v;+w,; (c—r—>b cos8) —w,b sind] [ — (§,5,¢; +d3¢,53) (c—r—b cosb) +c,¢; (bl sind—r) |

+ (= ;5,55 +d3¢,¢;) b sinf +c,s,;b6 cosf] )

+1;[@,050; —w; (G,8,¢;3 +qqc2s3)] =L [@,0;8; +wy(—q,5,83+G3C,¢3) ] + 15 (@035, +w;34,¢,) , (38)

To complete the task of writing the Lagrange equation for /=1, one must form the generalized force Q,, which turns out to be
given by )

Q,=5,[T;+bR, sinf— (c—r—b cosb)R;] +{c,c; [T, + (c—r—b cosb)R;] +c,5; (bR; sind—T,) } 39)

and then one must substitute from Egs. (36), (38), and (39) into Eq. (34). Next, to bring the resulting equation into a form suitable
for numerical solution, one is forced to deal with the presence of second time-derivatives of r and 6, and first time-derivatives of
43, 93, 95, 4. The former can be eliminated by making use of the auxiliary dependent variables x and y introduced as in con-
nection with the momentum principles, and the corresponding difficulty associated with the ¢’s may be surmounted by using Eqs.
(1) and (2) whenever necessary. Thus, one is able to make the following replacements:

GsCy —45C3; =0,Cp5—0:C); : v (40a)
45Cs —45C3,=v3C; —v,Cy3 v (40b)
45Cs3 —45Cs3 =0, C; —02Cpy , (40c)
G25:¢3 + 456,83 =w0, Cp3 —w;Cp : (40d)
— ;5,53 + 436,63 =w3Cp —w, Ci3 ‘ (40e)

4,6, =, Cpy~w,C)y ' (40f)
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Finally, to obtain the complete set of dynamical equations
intended to replace Eqs. (6-8) and (10-12), one must repeat
five more times all the steps analogous to those involved in the
writing of Eqgs. (35-40). This is a formidable undertaking.
Furthermore, comparison of Eq. (6) with the Lagrange
equation for i=1 reveals that equations of motion produced
by the Lagrange method are much lengthier than those ob-
tained by applying momentum principles or D’Alembert’s
principle. This is not a spurious result brought about by
failing to cancel terms in Egs. (36) and (38), as can be seen by
noting, for example, that d),, @,, and ®; all appear in Eq.
(38), whereas only &; occurs in Eq. (6).

The shortcomings of the Lagrange method become par-
ticularly evident when it is noted that we have here used
Lagrange’s equations in an especially efficient way by ex-
pressing T as in Eq. (29) and then retaining ;, w,, w;, v, U,
v; in Egs. (36) and (38) wherever possible. Were one to use
Lagrange’s equations more naively, that is, by first solving
Eqgs. (I)and (2) for w,, w,, w;, v, v,, v; to obtain

Wy =q,C)C3+qS;

Wy = —¢,€,55+4,C;3

w; =¢,5;+4q;

V) =qCyC3+qs (855,63 +53¢,) +qs(— ;5,63 +535;)

V) = ~quCy83+ g5 (—5,8:8;+C3¢;) +Gs (¢85 +¢38))

U3 =q4S;—q551€2+G6C,Cs 41
and then substituting these expressions into Eq. (29) before
performing the differentiations required by Eq. (34), one
would arrive at equations even longer than those reported

here. The reader may verify this by substituting from Eqgs.
(41) into Egs. (36) and (38).

VI. Hamilton’s Canonical Equations

The writing of Hamilton’s canonical equations for a system
possessing n degrees of freedom involves 2n partial dif-
ferentiations of the Hamiltonian H, where H is regarded as 2
function of the generalized coordinates g¢,,...,q, and
generalized momenta p,...,p,. Since H is given by

H= Y pi4:-L @2)

where L is the Lagrangian of the system, one therefore begihs
by seeking expressions for g,,...,4, in terms of p,,...,p, in
order to eliminate g,,...,q4, from Eq. (42). To this end, one
~ forms the generalized momenta p,=087/dq; (i=1,...,n),

where T is the Kinetic energy of the system. If g, and g, are
taken to be r and 8, respectively, this leads in our example to

=m{—[4,C;+q5Cs +GsCs +bggcy

~(4;5;+4;3) (c—q;—becg) 15, (c— g, —bey)

+1[4,C1,+45C; +45Cs, +bdgsg— 4,

+ (filsz +q;)bsgls,bsg +14,Cp5+G5C

+46C33 +(g,c5¢5+G,53) (c—q;—beg)

—{(—q,;¢,5; +q,¢c;)bsgl [cy,c3(c—q,—bey)

+c,53bs5 1} +1,(g,¢,¢5+G5835) €505

—L,(—q,c,8;+4,c3)c,5:+15(q;5;+43)s; 43)
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where sz and ¢, stand for sin gz and cos g, respectively; and
similar expressions are found for p,,...,ps. The resulting set
of eight equations, which is linear in ¢,,..., 4, must be solved
for these quantities, a task equivalent to the inversion in
literal form of an 8 X 8 matrix which, it turns out, has nonzero
elements in each of the places indicated by a cross in Fig. 4.
Clearly, this is an undertaking so laborious as to be essentially
prohibitive. Hence, this approach does not even permit us to
write equations of motion, so that questions regarding the
form of the equations of motion cannot be addressed.

To overcome the difficulty encountered here, one can
attempt to work with implicit functions and thus relegate
certain inescapable matrix inversions to a later stage of the
analysis, where they can be performed numerically, rather
than literally. This is possible in principle, but leads ultimately
to an algorithm so complex as to be unacceptable.

. VII. Boltzmann-Hamel Equations

The Boitzmann-Hamel equations* permit one to work with
dependent variables other than generalized coordinates and
generalized momenta, such as angular velocity and trans-
lational velocity measure numbers, and at the same time to
enjoy the chief benefit of the Lagrangian approach, namely
automatic elimination of certain interaction forces. To form
the equations, one begins by defining the dependent variables
in terms of ¢,,...,q,. In our example, this amounts to in-
troducing u,,...,ug as
u; 24,5, +4;

A . . A . )
u;=q,c,C3+4,8; Uy =—q,;C,83+4,C;

A . .
U = Q0,63+ G5 (55,63 +85¢,) + g (—C;5,05+535;)

A . . .
Us= —quC,8;+ s (—5,5,85+C3¢;) +q5(C;5585+¢35,)

A, - .
us=bqggss—4q,
(44)

A . . . A,
Ug=q4S;—q55:C2+G45C;Cr u,=bqg,

the first six being the a,, a,, a; measure numbers of w and
v4°, while the last two are chosen so as to bring the velocity of
P in A into a particularly simple form,f namely
u,Cc4a; +uga,. Equations (44) are then solved for g,,...,q;:

q;=(u;c3—u,s3)/c, G, =u;S;+uzcs

Q3=(—u;Cs+UyS;3)5,/Co+ U3 G=UyCp0; —UsCS3+ UGS,

s =U (55,65 +583¢,) HUs (—5,5,85+C3¢;) ~Ugs,C,
Ge=u (—~;5;C;+535;) +us(c;s,8; +¢38;) +uge,c,

B q7=u753—u8 q‘8=u7/b (45)

*These equations are called by some authors Lagrange’s quasi-
coordinate equations. A

_tOne could define u, as #; = =bggcg, which would lead to an even
simpler expression for the velocity of P, but this defining relation
could not be solved for §; when gg =7/2.
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and 128 duantities au and 8; (i,j=1,...,8) are identified by
comparing Eqs. (44) and (45) with

8
U= Eo‘ij‘?i (=1...,8) TS
i=1
and -
8
qi= Eﬁijuj (i:],_..’S) (47)
Jj=1

respectively, which produces the following nonvanishing
functions of g,,...,q5:

0 =CyC3, Oty =83, 0y = —Cp83, Op =C3, 03 =8,, o33 =1,
Olgqy =C3C3, Olsy =5;5,C3 +S3CI, Ogg = —C;85,C3 +S3SI,

Qg5 = —C;83, Q55 = —8515,53 +C3€, Qg5 =C;5;5; +C35,

Oy =52, Qs = —51Cp, Olgg =C1C;

olgy =.b, o= —1, agg=bsg (48)
Biy=c3/¢3, By =—53/¢;, By =53, B2 =G Bsy=—c38;/¢,,
B3y =5,83/¢;, B3 #1, Bu =663, Bys = —C,83,

Bus =525 Bsg=5,5:€; +53€1, Bss = —5,5,8; +¢3¢4,

Bss = ~51C2, By = — ;5,03 +835;, Bss =¢;5,85 + 35,
Bss=¢€1¢2, Byy =55, Bp=—1, Bg;=1/b 49)

Next, 512 quantities v,; are formed in accordance with

s 8
A da,;, Aoy .. )
Yo Y3 Yo BrBu( 2 - ——1) (hik=1,...8) (50)
N r=1 s=1 aqs aqr
For instance
8 8 Y
Oa,s 30:35)
= - 51
Yisé ,=E, sgﬂﬂﬁsa( %,  da, (1)

or, since only r=1,2,3 and s=4,5,6 give rise to nonzero ’s
{see Egs. (49)] and «;, o5, a5 are all equal to zero,

Yiss= =811 [Bes(30t4s/3q,) +Bss(ets55/9q,) +Bss (Oatss/3g,) ]
—B21 [Bys (0045/3q;) +Bss (Bauss/9g,) +Bes (dags/9g;) ]

" —B31[Bes(00y5/3q3) +Bss (8055/3q;5) +Bgs (Bags /9gs) ]
' (52)

which, once the indicated differentiations have been carried
out by reference to Egs. (48), finally reduces to v,5, = — 1.

After performing similar steps 511 more times, one writes T
intermsof g,,...,qs and u,,...,uz, obtaining

T=(M/2) (ui+ui+u)+ (m/2){[u,+u,c,
—uy(c—q;~bcg) ] ? + (us+ug+u;bsy)?

+{us+u,(c—q,—bcg)—u,bsg12} + (T u? + Lud +Lu3)/2
(53)

and then one must form §,,...,8; and €;,...,65 as

8 ! )
A 6T) s 0T
5,-—;}3,7( dq; G= ou;

T.R.KANE AND D.A. LEVINSON

%
(i=1,...,8) (54)
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obtaining

8, =8,=...=8,=0 (55a)

67=m<s8(u3[u4+u7c84u3 (c—g;,—bcg)]
—u;lug+u;(c—q,—bcg) —u,bsgl}
—sg(u7/b+u3) [vu4+u7c8—u3'(c—q7—bc3)]
tuzcg(us+ug+uzbsg) + (1,55 —u,c5) [ug

+it; (c=g;=bcy) —ubss] ) (55b)

Og=—miu;u,s+u,cg—uy (c—q,—bc,,)]
—u;[us+u,(c—q,—bcg) —u,bsz1} (55¢)

and

' e;=mlug+u,(c—q,—bcg) —u,bsg) (c—q,—bcg) +1,u,

€= ~mlus+u,(c—q,—bcg) -Quzbsgl +1,u,
eg=m{ —{u,+u,cg—uz(c—q,—bcg)] (c—q,—bcs)‘

+ (us+ug+usbsg)bsg} +1,u;

eg=Mu,+mlu,+u,co—us;{(c—q,~bcg)]

e€s=Mus+m(us+ug+u;zbsg)
eg=Mug+mlug+u;(c—q,—bcg) —u,bs;]
e;=mcglu,co—u;(c—q,—beg)

eg=m{(us+ug+u;bsg) (56)
which brings one into position to write the left-hand members
of the Boltzmann-Hamel equations, these equations being

8
Yirle€;— 0= Eﬂinj (i=1..,8). (57)
1 j=1

where Q,,...,Q; are the generalized forces associated with
q;,...,qg, respectively. Once these have been formed, one
finally obtains, fori=1,

(L-L)Yuu;—ILu,+T,+R;(c—q;—bcg)
—m(c—q,—beg) lug+u,(c—q,—bcg)
—U,bsg+2(uug— Uyt ce) U s —uyuy,

+uzu,bsg+uuz(c—q,—bcg)] =0 (58)
which is very similar to Eq. (23), the difference between the
two being that u,, u,, u; appear in place of w;, w,, w;,
respectively; and u, and ug; represent b and b siné—r,
respectively, which is why Eq. (58) is a little shorter than Eq.
(23). Similarly, for i=2,...,8, equations equivalent to ones
already found by other methods are obtained with much
effort.

The fact that the Boltzmann-Hamel equations are
equivalent to those resulting from the use of other methods is
of interest only insofar as it shows that the equations have
been written correctly. The real issue is whether or not they
are simpler in form and, if so, whether or riot the obviously

_ great amount of labor expended in their formulation is -

justified by such improvements in form as they may represent.
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That this labor truly is great will not escape the notice of anyone who undertakes the task of writing these equations.
In the light of the observations made about the Boltzmann-Hamel equations, the fact that these equations are ever used at all
may seem surprising. However, there exist situations in which one can employ them without becoming totally mired in a profusion
- of ¥’s, and in such situations the benefits the Boltzmann-Hamel equations offer are at least purchased for a reasonable price. For
example, this is the case when the system under consideration is a rigid body with one fixed point.® The difficulty is that one
generally cannot know a priori whether or not such a simplification is possible.

VIII. Gibbs Equations

Use of the Gibbs equations} offers one the same advantages as does use of the Boltzmann-Hamel equations, but frees one from
the necessity to form the troublesome quantities v, [see Eq. (50)], for one now works with

B8;:Q; (i=1,...,n) - (59

where 8; and Q; have the same meaning as before and the Gibbs function G for a set S of particles P,,...,P, is defined in terms of
the mass m, and the inertial acceleration @, of P; (i=1,...,») as

1
G=3 Y ma? (60)

Moreover, when constructing G4, the relevant contribution to G of a subset of S that forms a rigid body A4, one can employ the
relationship : ‘

G,=VoMa’+a-I a+2a-0xI-w) : ~ (6D
where M is the mass of A4, and a, &, w, and I are the inertial acceleration of the mass center of A, the inertial angular acceleration

of A, the inertial angular velocity of 4, and the central inertia dyadic of A, respectively.
With the aid of Eq. (61), one finds that G for the spacecraft Sis given by

G={(M/2) [ (g +usug —usus)? + (s +ustty — v us)? + (s + v us —uyuy)? 1+ (m/2) ({u, +it,05 —U3ss /b

~U3{c—q,—bcg) —uzug +u, [Ug+u; (c—q, —bcg) —u,bsg] —u; (Us +ug +u;bsg) )2 + {45 + 11y +11; bsy +u3u7c‘3‘

1y [Ug v u,ca—ts (c—qr,—beg) ] —uy [ug +u, (c—q, —beg) —uybsg 112 + {us +u, (c—q, —beg )) +u g — b5 — Uy 50y

+uy (Us +ug +u;bsg) —u, {1y +u,c5 —us (c—q,—bcg) ]2>+ (L ud + Lud + Lud) 12—y uyuy (1, 1)

~wpuzuy (I; — 1)) —vzu,uy (I; - 1) ) ) (62)
The partial differentiations indicated in Eq. (59) can be performed without difficulty. What remains to be done is to form 64 3’s as
in the derivation of Eqs. (49) and to develop expressions for-the generalized forces Q,,...,Q;. Once this has been accomplished,

_ one can write the eight dynamical differential equations of motion (after extensive simplifying) as

m(c—'Q7—b08) [136 +u1u5 —u2u4\+ (ul +u2u3)(C—q7—bCB) - (uz —u3ul )b53 +2(u1u8 —u2u763)] +1,li1 —’u2u3 (12 _13) N

=T, + (c—q;,—bcg )R, (63)
—mbsg [ug +uus —uu, + (U; +uyu;) (c—q, —bcg) ~ (U —usu; ) bsg + 2 (uyug —wyu,c) Y + Lty —uzuy (I, — 1)) =T, ~ bsgR;
(64)
m{b58 [ﬂ_; +u3u4 —u1u6.+128 + (lfl3 +u1u2 )b58 +2u3U708 _ui (C—q7 _bCB')] - (C"q7 "ng) [124 +u2u6 —u3u5 +127(,‘3
~ (4 —u uy) (C—q; —beg) ~2uzug —uisg/b—udbsg )V + a5 —uwyuy (I —1,) =T; — (c—q, —bcg )R, + bsgR, (65)

Mty +uug —usus) +mit, + g —uzus + ;05 — (83 —uyuy) (C—qy; —beg) —2uzug — (us +ud ) bsg —uisg/b] =R, +S, (66)

M (s +usu,—uug) +mis +usuy —u ug + g + (i +u,uy ) bsg +2usu,c5 — (u§ +ul) (c—q,—bcg) 1 =R, + S, 67
Mg +uus —uyuy) +mlig+uyus —uyuy + (0, +uu3) (c—q, —beg) — (1, —u3u,’)bsg +2(uug —uu,c) ] =R; + S; (68)
Mcg [, + i —uzus + 1,65 — (s —t tty) (C— G, — by ) — 2uz ey — (43 + U ) bsg —ubss /bl =21/b—06s53 + R, c5 (69)
ms +u3u;—u,u6+u8+(_u3/+u,u2)bs8 +2uu,cs — (3 +ul) (c—g, ~bcg) | =0 +R, (70)

{These equations are often erroneously attributed to Appell, whose paper ! on the subject did not appear in print until 1900, twenty-one years after
Gibbs’ paper was published. ‘
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The amount of labor expended to arrive at these results is
significantly smaller than that required to reach the
corresponding point via Lagrange’s equations, Hamilton’s
canonical equations, or the Boltzmann-Hamel equations, and
it is certainly no greater than that involved in using
momentum principles or D’Alembert’s principle. Fur-
thermore, the Gibbs equations are seen to furnish a procedure
that is more systematic than is the application of the principles
just mentioned.

As for the form of .Eqs. (63-70), comparison with
corresponding equations obtained by other methods, i.e.,
Egs. (6-8), (10-12), (20), and (21), or Egs. (23-25), reveals that
none of the present equations is more complicated than any of
its earlier counterparts, but that some are considerably
simpler. For example, Eqs. (63-65) are obviously shorter than
Eqgs. (10-12), respectively. The reasons for this are that use of
the Gibbs equations frees one from the necessity of dealing
with the mass center of S, which requirement underlies the
complexity of Egs. (10-12), and it makes it possible to employ
as dependent variables quantities other than generalized
coordinates, such as u,,...,u,, introduced in Eqgs. (44) in
connection with the Boltzmann-Hamel equations.

The example at hand provides the opportunity to make one
more observation ultimately of general concern. When used
to simulate a motion of S, Eqs. (63-70), like Eqs. (6-8), (10-
12), (20), and (21) together with F/=x and 8=y, must be solved
for all first derivatives, either analytically or in the course of
the simulation. Now, whenever g;=90 deg, the left-hand
member of Eq. (69) vanishes, so that the equation no longer
contains any first derivatives. The upshot of this is that the
determinant of the coefficients of u,,...,14,;, ¢, and g,
vanishes, which means that one cannot solve the equations of
motion when g; =90 deg. This fact has nothing to do with the
method used to formulate the equations, nor is it related to
the introduction of the variables u,,...,u;. Indeed, it first
manifests itself, albeit in less obvious form, in connection
with Eqs. (20) and (21), derived by another method and not
involving these variables. (The determinant of the coefficients
of 0 and r vanishes when 8 =90 deg.) It is the masslessness of
the linkage that is to blame. This can be seen most clearly by
formulating equations that apply when mass is attributed to
the linkage, which is accomplished most simply by placing a
representative particle P at, say, point L,, and- assigning to
this particle a mass m. Specifics regarding the choice of m
need not be discussed for present purposes. What is of interest
is the effort that must expended to extend the analysis to
account for the presence of P.

Equations previously obtained by appealing to the angular
momentum principle must be modified drastically to ac-
commodate a particle at L,, for this affects the location of the
mass center $* of S. The situation is somewhat better in
connection with the equations based on D’Alembert’s
principle. It is a relatively simple matter to modify the first six
of these, as well as the free-body diagrams in Fig. 3, to reflect
the presence of an additional inertia force, but the analysis
based on free-body diagrams must be carried out anew. The
least laborious procedure for obtaining the desired equations
is to use Eq. (59), that is, to add to the left-hand members of
Eqs. (63-70) the terms 8 (nd? /2)/du; (i=1,...,8), respectively,
where d is the acceleration of Pin N. In the case of Eq. (69),
this term is given by

- 3(rhd2/2) 13ty = — (s Lity + 1,y — ity (c = bey)
+u2u6'—u3u5 +u u,(c—becg) — (1l +u)bs,l
+8g [ U5 +t,s4 +’123bs4r tusuy—uug
—(u3+u?)(c—beg) +uu,bsgl) 7D

- which obviously does not vanish when gz =w/2, so that there
is no longer any singularity. The remaining methods, already
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ruled out for other reasons, need not be discussed in this

.context.

While the Gibbs equations lead to equations of motion for
S having a desirable form, and do so more directly than any of
the other methods considered so far, there is no reason to
believe that further improvements are out of the question. In
particular, the right-hand sides of Eqs. (§9), which require the
construction of n generalized forces and n? coefficients B
leave something to be desired.

IX. Last Method

The last method to be discussed applies to any material
system whose configuration in a Newtonian reference frame
N can be characterized by generalized coordinates gq,,...,q,.
The method involves two classes of quantities not employed in
connection with the earlier analyses, namely partial angular
velocities and partial velocities, defined as follows: If
u;,...,u,, called generalized speeds, are introduced as linear
combinations of ¢,,...,4, by means of equations of the form

n
u= Y, Wyd; +X; (i=L..,n) . (1)
Jj=1

where W; and X; are functions of g,,...,g, and the time ¢,
and W; and X (i,j=1,...,n) are chosen such that Egs. (72)
can be solved uniquely for ¢,,...,4,, then the angular velocity
of any rigid body and the velocity of any point of the material
system each can always be expressed uniquely as a linear
function of u,,...,u,. The vector that is the coefficient of u; in
such a function is called the ith partial angular velocity of the
rigid body or the ith partial velocity of the point, as the case
may be. For example, with u,,...,u; as in Eq. (44), one can
express the angular velocity of A and the velocities of A* and
Pas ‘

w=Uua, +u2a2+u3a3 (73)
vA' =ua; tusa, tuga; 74)

and

vP=(u,+u,cg—us(c~q,—beg)la, + (us +ug +uzbsg)a,
+ [ug+u;, (c—q,—bcg) —u,bsgla; @5

respectively, and the associated partial angular velocity of

A and partial velocities of A* and P, denoted by w;, v{\*,

and v? (i=1,...,8), are thus seen to be

w;=a,;, wy=day, w3 =das, Q’4=...=w8=0 (76)

v =vf =i =0 =vf =0, v} =q;, v{' =a, v} =a

an
vi=(c—q,~bcs)a;, vi=—bsga;
vi=—(c—q,—bcg)a; +bs;a,

vi=a;, vi=a, vf=a;, vi=ca, vf=a, 8

To obtain equations of motion with the aid of partial
angular velocities and partial velocities, one begins by
forming the generalized active forces K; and generalized
inertia forces K} (i=l,...,n) in accordance with the
definitions

KA E (vFi -F)) (i=1,...,n) (79)
j=1 ~

K2 Y [vFi - (—-mja;)] (i=1,..,n) (80)
i=1
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where » is the number of particles in the system under con-
sideration, vfJ is the ith partial velocity of particle P;, F; is
the resultant of all body and contact forces acting on P;, m; is
the mass of P;, and a; is the inertial acceleration of P;. In
forming K; one can omit all nonworking forces, and, if a set
of contact and/or body forces acting on a rigid body of the
system is replaced with a couple of torque T together with a
force § applied at a given point of the body, then the con-
tribution of this set of forces to K; is given by w,;-T+v,-S,
where w; is now the ith partial angular velocity of the rigid
body, and v; is the ith partial velocity of the point of ap-
plication of §. For instance, for the spacecraft S,

K;=vP- (R,a;+R,a,+R;a;) +vi" - (S,a,+8S,a,+8S;a;)
+w; (T,a,+T,a,+Tia;) +vf- (oa,)
+vk2 - (—oa,) +20f - (1a;) +20f < (—71a;)

(i=1,..,8) (81

Here, the first three dot products account for forces exerted
on S by ‘‘external’’ agencies, the fourth and fifth terms
represent contributions of the spring and damper that connect
P to point L,, and the last two terms deal with the torsional
springs and dampers at L, and L,, the symbol wf in the
penultimate term being the ith partial angular velocity of both
the link L, — L, and the link L; — L,. Since vf, v#", and w; are
already available in Eqs. (76-78), and v}2 and w#can be found
by inspection of the velocity of L, and angular velocity of link

_L,-L,, one easily finds by using Eq. (81) that the generalized
active forces for S are ‘

K,=T,+ (c—q,—bcg)R;, K, =T,—bsgR;
K;=T;—-(c—q,—bcg)R; +bsgR,, - K,=R,;+S;
K;=R,+S,, Ks=R;+8;

K,=27/b—o0sg+R,cy, K;=0+R, (82)

When forming the generalized inertia forces, one can take
advantage of the fact that the contribution to K} of the
particles of a rigid body A is given by w, - T* + v, - F*, where w;
is the ith partial angular velocity of A, v; is the ith partial
velocity of the mass center of 4, and T* and F* are,
respectively, the inertia torque and inertia force introduced in
conjunction with D’Alembert’s principle and given in Eq.
(22). For the spacecraft S, one can, therefore, write

K= —-mvfaf +w; - T* — Mvf' -a®” (i=1,...,8) (83)
where aP and a4" are the accelerations of Pand A* in N and
T ={uu;(I,-I;)—u I, la;+ {usu, (I; =1} —u,l,]a,
4‘“‘;"2 I, =1) —usl;]as (84)
and thus one finds
Ki=—m(c—q;—bcg) lug+uus—uyu,
+ (t;+uyuz) (c—q,—bcg) — (U —uzu,; ) bsg
+2(uug—uyuscg) 1 +uyu; (I, —1;) —u,l, (85)
and analogous expressions for K ‘,...,Kg..
Dynamical equations of motion are formulated by equating

to zero the sum of generalized active and inertia forces:

K, +K!=0 (i=1,...,8) (86)
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The equations obtained in this way for S are Egs. (63-70).
Indeed, the left-hand members of Eqgs. (63-70) are precisely
the negatives of the generalized inertia forces K7,...,K3, and
the right-hand members are the generalized active forces
K,,...,K;. Obviously, therefore, everything that was said
about the form of the equations generated by means of the
Gibbs equations applies equally well to the equations resulting
from the use of Eqs. (86). But there are two clear-cut dif-
ferences between these two means for reaching the same goal,
the first being that X,...,K are formed far more easily than
are their equivalents in the Gibbs equations, the eight sums

8
Y840 (i=1,...,8)
i=1

The labor involved in creating 64 §’s is eliminated, the effort
expended to find eight Q’s is at least as great as that required
to find eight K’s, and the arduous task of performing eight
summations and then simplifying the resulting expressions
has no counterpart in connection with the K’s. For example,
consider the right-hand side of Eq. (59) for i=4. Since 8,,,
Buq4» Bsg» B4 and B4, are equal to zero, this reduces to

s .
E BisQ;j=BuQy+B5Qs+BsQs @7
j=1

where

Q,=(R;+S))c,c5— (R;+8,)c35; + (R3+S3) 5, (88)

Qs= (R, +85,) (5;5,¢;5 +55¢;)

+ (R, +S,) (—s,5;5;+¢c;3¢;) — (R;+83)s,¢, - (89)
Qs=(R,+8,)(—c;5,¢3+535;)

+ (R, +S,) (¢;5,53+¢38;) + (R;+S3)¢,c, (90)

while 8, Bs,, and B, are given'in Egs. (49). Substituting,
one arrives at .

8
Y B14Q;=cs¢;1 (R, +5,)¢,65— (R, +8,);5; + (R; +55)s,]
i=1
+ (85,85, +53¢) [(R; +S8)) (5;5,¢3 +535¢;)
Ry +8,) (—s;85,53+¢3¢,) — (R3+83)s5,¢,]

+ (=¢85035 +535) [(R; +5)) (—¢;5,¢5+535,)

+(R,+S,)(c;8,53+¢38;) + (R;+S;3)c,c,]

©n
which can be simplified to
8 N
EﬁﬂQj:Rl +5; 92)
=1

Of course, since one expects to resort to a numerical solution
of the equations of motion, one might forego the explicit
expansion and subsequent simplifications indicated in Eqgs.
(91) and (92), relegating to the computer the task of forming
the right-hand sides of Eqs. (59) at each step of a numerical
integration. Obviously, this would lead to a very inefficient
algorithm and would be a poor way to proceed, considering
the fact that, by using K,,...,Kj, one can construct an ef-
ficient algorithm without doing any extra work.

The second difference between using the Gibbs equations
-and Eqs. (86) is that more work must be performed in con-
structing G and then evaluating the partial derivatives
8G/du,,...,0G/3uy than is needed to formulate Kj,...,K3
because, once the requisite kinematical analysis (which is the
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same for the two methods) has been carried out, the squaring
of accelerations and subsequent differentiations are more
laborious than the dot-multiplying of accelerations with
partial velocities. For -example, consider once more the
problem of extending the analysis by adding a particle P of
mass 7 at point L,. The acceleration g of Pis

d= [l +1,c5—1;(C—bcg) —ulsy/b—2u;u,s,
+u2u6—u‘3u5+ﬁ,u2(c—bcg) — (u3+ul)bsgla,
+ [d;+127s3+d3bsg'+u§c8/b+2u3u7cg+u3u4 —Uug
— (uj+u?) (c—becy) +uu,bsgla,
+ [+, (c—bcg) —ybsg+2u, (u;5; —uyCg)
Fu U —uyu Uz bsg+uus (c—beg)las -(93)

To find the contribution of Pto Eq. (69), one may either form
42 and then evaluate d(ria?/2)/du,, or one can dot-multiply

' /ma with the partial velocity ¢,, given by ,=c;za, +5;4,.
No more needs to be said.

The generalized speeds u,,...,ug, which play such a central
role in connection with the method at hand, need not be in-
troduced in the formal manner indicated by Eq. (72). Indeed,
when attacking a specific problem, one should select the u’s so
as to arrive at especially simple expressions for angular
velocities of rigid bodies and velocities of points of the system
to be analyzed. This often can be done without even in-
troducing generalized coordinates. For example, recognizing
that the body A of the spacecraft S has six degrees of
freedom, that the angular velocity of A and the velocity of A*
are important quantities, and that the unit vectors a,, a,, a;,
being parallel to central principal axes of inertia of A4, form
an especially convenient vector basis, one is well motivated to
write Egs. (73) and (74) from the outset, that is, without prior
reference to Eqs. (44). Moreover, this leaves one free to
deseribe the orientation of A4 in N and the position of A* in N
in terms of whatever variables (Euler parameters, direction
cosines, spherical coordinates, etc.) one may wish to choose at
a later stage of the analysis, rather than chaining one to a
specific choice, as does the use of the Boltzmann-Hamel or
Gibbs equations unless one simplifies the dynamical equations
to the point at which gq,,...,q5 disappear. (If one employs
Lagrange’s or Hamilton’s equations, one is again forced to
select all generalized coordinates a priori, and the kind of
uncoupling of kinematical and dynamical equations here
being discussed is thus ruled out entirely. The momentum
principles and D’ Alembert’s principle do not suffer from this
particular failing.) )

In Sec. I it was mentioned that the method considered in the
present section is particularly effective when the behavior of a
spacecraft can be analyzed in terms of modal coordinates. To
illustrate this point, we shall formulate the equations of
motion of the system shown in Fig. 5, which is a schematic
representation of a spacecraft formed by a rigid body A that
supports a cantilever beam B of length L and flexural rigidity
ET and that moves freely in a Newtonian reference frame. For
the sake of simplicity, attention will be confined to planar

. motions, so that the orientation of A and the position of the
mass center A* of 4 can be characterized by the angle y and
the distances x, and x, shown in Fig. 5 and the behavior of B
can be discussed in terms of the displacement n of a generic
point O situated a distance ¢ from the fixed end.

Modal coordinates are introduced by expressing 7 as -

n=) 64 N ()
i=1

where ¢; is a function of £, g; is a function of #, and » is the
number of modes to be taken into account. The quantities x,,
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%
Fig. 5 Flexible spacecraft.

X;, ¥, and g,,...,q, now play the roles of generalized coor-
dinates, and associated generalized speeds u,,...,u;,, are
defined as

u,A=)2,cos¢+)tzsin¢, uz-A--—Jé,simb+)62cos¢, uj»A=J/ (95)

- and

A . . ‘
Uz, =4q; (i=1,...,») ) (96)

whereupon one can express the velocity of A*, the angular
velocity of A, the velocity of Q, and the angular velocity of a
differential element of Bat Q as

v =ua,+u,a, 0 =u;a, 97)

ve= (u, —u3 td’iqi)al + [uz +uz(w+E) + ._ti(ﬁiuni]“z'

i=] i=1

- (98)

wB= [y’,-i-% (g—z )]a3 = (“3 + ig ¢i’"3+i)aa %9

respectively, whgfe w is the distance from 4* to the clamped
end of B and ¢;/=d¢,/d¢. Furthermore, partial velocities and

- partial angular velocities can now be formed by inspection.

Letting v/", w/ v w? denote, respectively, the rth partial
velocity of 4*, the rth partial angular velocity of A, etc., one
finds, for example, :

vi ;=0 wf,; =0 U=1..7v) (100)

ve i =9¢a, wf j=0ja; U=1..,») (101)

Proceeding to the formulation of generalized active forces,
we note that, if rotatory inertia is left out of account, the
system of forces acting on a differential element of B is
equivalent to a force — (d¥/d¢)déa, applied to Q, and that
V=0M/0¢ =EI33n/0%3. Consequently, one can write for the
generalized active force K3 , ;

L
Ksvj=— So v9,; - [EI@*n/38*)a;1dE (i=1,...,»)  (102)

or, after using Egs. (94) and (101),

4 L
K., =EI Y q; So ;b dE (G=1...,v)  (103)
©i=l
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which can be integrated by parts to yield
2 L
Ky;=—EI), [q; So ¢i”<1>j”d£] U=1,...,») (104)
i=1

where advantage has been taken of the fact that ¢; and ¢/
vanish at £=0and ¢;and ¢;” vanish at £ =L. The product of
ET and the integral in Eq. (104) is simply a constant, say H;.
" Hence

Kyyj=— Y Hyq, G=1,.9) (105)
i=1

The acceleration of Q, required for the formulation of
generalized inertia forces, is obtained by differentiating Eq.
(98), which produces

a%= [ﬂ,—u2u3—u§(w+f) - E¢i(133Qi+2“3”3+i)]a1
) i=1 .

v

+[ﬁz+“3u1+d3(W+£)+ E¢,~(ﬁ3+,—u§q,-)]a2 (106)
i=1

i=

and the generalized inertia force K3, ;, formed in accordance
with Eq. (80) as :

L
K= | 09,00 (107)

with p denoting the mass per unit lehgth of B, is thus given by
[see Eq. (101) for v¥, ;]

L
K3 j=— So &; ['12 +uzu;+uz(w+§)

+ E¢i(u3+,-—u§q,-)]pdz (108)
) i=1

Therefore, after defining constants E;, F;, and G,»j as

L L L
EA[ opde F2{ o500t 6,2 660 109

one can write
v
K3, = — (ly+usu, + i, w)E;—usFy— Y (i, —uq,) Gy

i=1

(=1.v) ((110)

and, substituting into Eq. (86), one arrives directly at the
equations of motion

1,E; +1i5 (WE; + F;) + Y t1;,,Gy

i=]

14 .
= —uyu B+ ) (u3G;—H,)g

i=1

G=1...,v) (111)

The remaining equations of motion, that is, those obtained
from K;+K;=0 for i=1,2,3, can be formulated with equal
ease. Letting m, and mg denote the masses of A and B (see
Fig. 5), respectively, and designating as /4 the moment of
inertia of A with respect to a line parallel to a; and passing
through A*, oneisled to

(my+mp)i, —i; E Eq;
i=1

L y
=(m4+mpg)uus+uimg (w+ 5) +2u; EE,»uH,. (112)
i=1
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‘ L oo
(mA+mB)d2+a3mB(w+ 5) + EE,.uH,-
i=1

v

=—(mA+mB)u3u,+u§E d; (113)

i=]

.Y . Ly . L?
u, EE,.q,-—usz<w+3) —u3[1" +mE(w2+wL+ —3—)]
i=1

14 . v L
- E (WE; + F;) 3, ; =u,u; EEiqi+mBu3u, (w+ 3)
i=] i=1 . :

114)

Use of Lagrange’s equations permits one to write Eqs. (111)
and (114), but only after expending considerable labor in
forming derivatives of the system’s kinetic energy function.
Moreover, the Lagrange counterparts to Egs. (112) and (113),
which are

L 14
(s 5y =iy (4 £ s oot ¥ .0
i=1
—siny E Eu;.,;
Ci=l

L v 14
=uj [mB (w+ 5)cos://—)\0¢¢ EE,!I,] +2u;cosy E Eiu;,;
i=1 {

i=]

(115)

and

. L v
(M4 +mp) %+ [ms (W+ E)COS‘/’—Si“‘I’ EE,-q,]

i=1

»V
+cos¢ZE,-dj+,- B
i=]

=u} [mB (w+ g)cosz// —siny ElEiq,-] + 2u;siny E Eu,,;
i= i=1
(116)

respectively, are significantly longer than Eqgs. (112) and
(113). Of course, one could use the first two of Eqs. (95) in
conjunction with Egs. (115) and (116) to recover Eqgs. (112)
and (113), but the algebra involved is extensive and, not
having seen the latter équations, one might well overlook the
possibility of bringing the equations into a more desirable
form. We conclude, therefore, that Eqs. (86) are superior to
Lagrange’s equations for the formulation of equations

" governing modal coordinates.

X. Summary

It has been shown that the last method considered for the
formulation of dynamical equations of complex spacecraft
leads most directly to the simplest equations. It offers the
analyst the greatest possible latitude in the choice of
dependent variables, can be implemented systematically, and
is particularly effective when modal coordinates are em-
ployed. The Gibbs equations, which lead to identical results
when written in terms of the same variables, provide the basis
for an equally systematic procedure, the implementation of
which is, however, considerably more laborious. Use of the

_ Boltzmann-Hamel equations becomes clearly undesirable

when n, the number of degrees of freedom of a system, is
greater than, say, six, because it necessitates the formulation
of n’ quantities v, which consumes an inordinate amount
of time and effort. Similarly, Hamilton’s canonical equations
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and Lagrange’s equations are poor tools under these cir-
cumstances, the former because they can be written explicitly
only after one has inverted an # X n matrix in literal form, and
the latter because they must be formulated in terms of
dependent variables (generalized coordinates) which lead to
unnecessarily lengthy equations, and this only after one has
done much gratuitous work in differentiating energy func-
tions. By way of contrast, D’Alembert’s principle and the
principles of linear and angular momentum provide viable
points of departure for the derivation of equations of motion.
D’Alembert’s principle allows one greater flexibility than do
the momentum principles because it permits one to take
moments about any point whatsoever, thus facilitating the
elimination of constraint forces and making it unnecessary to
locate the mass center of a system. However, the fact that one
can exploit this feature of the method only by making clever
choices of moment centers and that such constraint forces as
remain in the equations must be eliminated by algebraic
means render this approach less than optimum.

When the formulation of equations of motion of a complex
spacecraft is undertaken for the purpose of analyzing the
stability of a particular motion or in connection with a control
system design, it may occur that one is interested solely in a
linearized form of the equations. The last method permits
such equations to be written with a minimum of labor, for its
use removes the burden of working with nonlinear expressions
for anything other than velocities and angular velocities. Once
these expressions are available, partial velocities and partial
angular velocities can be formed by inspection. Next, one
linearizes all kinematical entities in hand and employs the
linear forms to construct generalized active forces and
generalized inertia forces as described in Sec. IX, discarding
all terms of degree two or higher that may arise in the process.
Eqgs. (86) then lead immediately to the desired equations.

In this review, we have confined ourselves to the con-
sideration of holonomic systems, doing so because limitations
of space prevent us from dealing in detail with the extensive
literature on nonholonomic systems. (See, for example, Ref.
11.) It is worth mentioning, however, that the conclusions
already drawn remain unaltered when one extends the scope
of the discussion to include nonholonomic systems, and that
the advantages of the last method over the rest are, if
anything, more pronounced in this context. In particular, its

_use is to be preferred to that of Lagrange’s equations, for to
become applicable to nonholonomic systems these equations
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must be encumbered with Lagrange multipliers or,
equivalently, unknowns representing constraint forces,
quantities whose subsequent elimination is simply an ad-
ditional burden. Details regarding the formulation of partial
velocities and partial angular velocities for nonholomic
systems and, with their aid, equations of the form of Eq. (86)
are set forth in Ref. 12.
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